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Abstract 

In this paper we prove some results on the sufficiency of codimension-one 
fibre conditions for a fiat algebra with a retraction to be locally or at 
least an A^-fibration. 
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1. Introduction 

Throughout this paper, R will denote a commutative ring with unity and 
a polynomial ring in n variables over R. Let A be an i?-algebra. We shall 
use the notation A = i?'"! to mean that A is isomorphic, as an i?-algebra, to 
a polynomial ring in n variables over R. 

For a prime ideal P of R, k{P) will denote the residue field Rp/PRp and 
Ap will denote the ring S~'^A, where S = R\P. Thus A(g)pk{P) = Ap/PAp. 

A finitely generated fiat i?-algebra A is said to be an -fibration over R 
if A (g)R k{P) = k{P'p for all P G Spec R. 

A retraction $ from an i?-algebra A to i? is a ring homomorphism $ : 
A — )■ R such that $|_r = Ir, i.e., it is an i?-algebra homomorphism from A 
to R. If a retraction exists, R is said to be a retract of A. 

Let /c be a field and k denote the algebraic closure of k. A fc-algebra B is 
said to be geometrically integral over k ii B ®k k is an integral domain, and 
an h}-form over kiiB0kk = k'^^^. 



The following result on A^-fibration was proved in r |Dut9,^ . 3.4, 3.5): 
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Theorem 1.1. Let R be a Noetherian domain with quotient field K and A 
a faithfully flat finitely generated R-algebra such that A 0ji K = K^^'^ and 
A®Rk{P) is geometrically integral over k{P) for each height one prime ideal 
P of R. Under these hypotheses, we have the following results: 

(i) If R is normal, then A = SymR^I) for an invertible ideal I of R. 

(ii) If R contains Q, then A is an h}-fibration over R. 

A striking feature of this resuh is that conditions on merely the generic 
and CO dimension-one fibres imply that all fibres ar e A^. Analogous results 
were proved for subalgebras of polynomial algebras r |BD95| . 3.10, 3.12) with- 



out the hypothesis "A is finitely generated over i?" . In this paper we inves- 
tigate whether the condition "A is finitely generated" in Theorem 1 1.1 1 can be 
replaced by a weaker hypothesis like "A is Noetherian " whe n the R algebra 



A is known to have a retraction to R. Recently, in [BDO[, Bhatwadekar- 
Dutta-Onoda have shown the following: 

Theorem 1.2. Let R be a Noetherian normal domain with field of fractions 
K and A a Noetherian flat R-algebra such that Ap = Rp^^^ for each prime 
ideal P of R of height one. Suppose that there exists a retraction $ : A — » R. 
Then A = Symji{I) for an invertible ideal I in R. 



The above theorem occurs in |BDO| as a consequence of a general struc- 



ture theorem for any faithfully fiat algebra over a Noetherian normal domain 
R whi ch is locally in codimension-one. The statements and proofs in 



BDQ[ | are quite technical. In this paper, we will first prove (see Theorem 
13.91) an analogue of Theorem 11.11 (i). Our approach, which is more in the 
spirit of the proof in f |Dut95| . 3.4), will provide a short and direct proof of 



Theorem II. 2[ Next we will prove the following analogue of Theorem 11.11 (ii) 
(see Theorem 13.131) : 

Theorem A. Let Q ^ R be a Noetherian domain with quotient field K and 
A be a Noetherian flat R-algebra with a retraction $ : A — » R such that 

(1) A®aK = K^^y 

(2) A ®ii k{P) is an integral domain for each height one prime ideal P of 
R. 

Then A is an A^-fibration over R. Thus, if R is seminormal, then A = 
Symii{I) for some invertible ideal I of R. 

As an intermediate step, we shall prove the following result (see Propo- 
sition 13.111) which gives a generalisation of Theorem 11.21 over an arbitrary 
Noetherian domain: 
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Proposition A. Let R be a Noetherian domain with quotient field K and A 
he a Noetherian flat R-algebra with a retraction $ : A — » R such that 

(1) A0rK = k^'1 

(2) A®Rk{P) is geometrically integral over k{P) for each height one prime 
ideal P of R. 

Then A is finitely generated over R and there exists a finite birational ex- 
tension R' of R and an invertible ideal I of R' such that A® ^R' = Synin^I). 

In fact, in our results, the hypothesis "A is Noetherian" can be replaced 
by "i^'er $ is finitely generated" . 

2. A version of Russell-Sathaye criterion for an algebra to be a 
polynomial algebra 



In this section we present a version of Russell-Sathaye criterion 



2.3.1) for an algebra to be a polynomia l algeb ra. Our version is an extension 
of the version given by Dutta-Onoda ( |D007 |. 2.4) and suitable for algebras 



which are known to have retractions to the base ring. For convenience, we 
first record a few preliminary results. The first two results are easy. 

Lemma 2.1. Let B G A be integral domains. Suppose that there exists a 
non-zero element p in B such that B[l/p] = A[l/p] andpAflB = pB. Then 
B = A. 

Lemma 2.2. Let C be a D-algebra such that D is a retract of C . Then the 
following hold: 

(I) pCnD = pD for all p ED. 

(II) If D G C are domains, then D is algebraically closed in C. 

Lemma 2.3. Let R be a ring and A be an R-algebra with a generating set 
S = {xi : i G A} where A is some indexing set. Suppose that there is a 
retraction $ : A — » R. Then Ker $ = {{xi — ri'.iG A})A where Vi = $(xj) 
for each i G A. 

Proof. Let S = {xi — Vi : i G A} and / be the ideal of A generated by 5*. 
Note that R[S] = R[S]. It is easy to see that A = R®Ker ^ = R®L Since 
I G Ker $, it follows that Ker $ = J. □ 

Lemma 2.4. Let R G A be integral domains and $ : A — » R be a retraction 
with finitely generated kernel. Suppose that there exists an element p which 
is a non-zero non-unit in R such that A[l/p] = R[l/p]^^^. Then there exists 
X G Ker $ such that x ^ pA and A\l/p\ = R[l/p][x]. 
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Proof. Suppose, if possible, that x e pA for every x e Ker $ for which 
A[l/p]^R[l/p][x]. 

Let Ker $ = (ai, 02, ... , Om)^- Choose Xq e Xer $ such that = 
i?[l/p][a;o]. Note that $ extends to a retraction $p : — » with 
kernel a;o(^[l/j5]). By our assumption, xq = pxi for some Xi G A. Obviously, 
xi e iiTer $ and = and hence xi G pA. Arguing in a 

similar manner, we get X2 G Xer $ such that xi = px2, A[l/p] = R[l/p][x2] 
and X2 G p^. Continuing this process we get a sequence {x„}„>o such that 
Xn G Ker = and x„ = pa;n+i- Thus Xq — p^Xn for all 

n > 1. 

Note that (.Xq, .Xi, . . . , . . . )A C (ai, • • • , Om)^- But since aj G A C 
= [xo], there exist G N and aij G -R[l/p] such that — 

rii 

^aijXoK Choose N & N such that aijp^^ G R for all i,j and set Xij :— 
3=0 

OLijP^^ ■ Now since xq, Oi G Ker we have ctjo = for all i and hence 

c^i = '^OiijXQ^ ■ Thus a, = '^XijXjsf^ G XAr-R[xAr] C xtv^ for all i, 1 < i < m. 

So, we have i^er $ = (ai, a2, . . . , flm)^ = xnA. Now xjv+i G i^er $ = xjv^, 
which implies that xn+i — cxxn for some a E A. Since xjv = pxN+i, it 
follows that ap = 1, which is a contradiction to the fact that p is not a unit 
in A. 

Thus there exists x G Ker $ such that x ^ pA and = 

□ 

We now present a version of Russell-Sathaye criterion when there exists 
a retraction. 

Proposition 2.5. Let R G A be integral domains such that there exists a 
retraction $ : A — » R. Suppose that there exists a prime p in R such that 

(1) p is a prime in A. 

(2) A[l/p] = R[l/p]l'l 

Then pAnR = pR, R/pR is algebraically closed in A/pA and there exists 
an increasing chain C C A2 ... C A„ C ... of subrings of A and a 
sequence of elements {xn}n>o in Ker $ with xqA C xiA C . . . C XnA C . . . 
such that 

(a) An = R[xn] = for alln>0. 

(b) A[l/p] = An[l/p] for all n > 0. 

(c) pAnAn<^ pAn+i for alln>0. 
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(d) A= U An = R[Xi,X2,...,Xn,...]- 

n>0 

(e) Ker $ = {xq, xi, X2, • • • , x„, . . . )A. 

Moreover the following are equivalent: 

(i) Ker $ is finitely generated. 

(ii) Ker $ = x^A for some N > 0. 

(iii) A is finitely generated over R. 

(iv) A = R[xisf] for some N > 0. 

(v) There exists x G Ker ^\pA such that A = R[x] = R^^K 
The conditions (i)-(v) will be satisfied if fl p"'A = (0). 

n>0 



Proof. pA n R = pR by Lemma 12.21 Since $ induces a retraction $p : 
A/pA — » R/pR, R/pR is algebraically closed in A/pA by Lemma [2.21 

By condition (2), there exists x'o G A such that v4[l/p] = i?[l/p][a;'o]- Let 
Xq = x'o - ^{x'o). Then xq G Ker $ and A[l/p\ = R[l/p][xo] = R[l/pf^\ 
Set Ao := R[xo]{= Then Ao C A and A[l/p] = Ao[l/p] = R[l/p][xo]. 

Now suppose that we have obtained elements xq,xi, . . . ,Xn G Ker $ 
such that setting Am '■= R[xm]{= R^^^) for all m, < m < n, we have 
AqC A1CA2 ■ ■ ■ C v4„ C A and v4„[l/p] = v4[l/p]; < m < n. 

We now describe our choice of Xn+i- 

Let x^ denote the image of x„ in A/pA. We consider separately the two 
possibilities: 

(I) x^ is transcendental over R/pR. 
(II) x^ is algebraic over R/pR. 

Case I : is transcendental over R/pR. In this case the map An/pAn{= 
R[xn]/pR[xn]) — > A/pA is injective, i.e., pAn = pA fl A„. Since y4„[l/p] = 
we get An = Ahj Lemma [TTl Now we set Xn+i '■= Xn and An+i := 

R\xn+l]{= An = A). 

Case II: is algebraic over R/pR. Since R/pR is algebraically closed in 
A/pA, we see that G R/pR. Thus x„ = pu„ + c„ for some Un & A and 
c„ G -R. Applying $, we get = = + c„ showing that c„ G pR 

and hence x„ G pA. Set := Xn/p{E A). Clearly Xn+i G -ft'er $. Now 

setting := R[xn+i]{= R^^^), we see that Aq C Ai C A2 ■ ■ ■ C y4„ C 

A^+i C A and An+i[l/p] = An[l/p] = A[l/p]. 

Thus we set x„+i := x„ or := x„/p depending on whether the image 
of Xn in A/pA is transcendental or algebraic over R/pR. By construction, 
conditions (a) and (b) hold. We now verify (c). 
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If Xn = Xn+1, i.e., An+i = = A, then pA fl A„ = pA = pA^+i. 
Now consider the G pAn+i. Let a G pA fl A„. Then 

a = ro+ri(px„+i) + - • ■+r;(pXri+i)' for some / > andro,ri, . . . ,ri ^ R. Then 
ro G pA n -R = pR C pAn+i- Therefore, a G pAn+i- Thus pA fl y4„ C yl„+i. 

We now prove (d). Let B = U An- Obviously, B C A and B[l/p] = 

n>0 

A[l/p]. Hence, by Lemma [2. 1^ it is enough to show that pA (1 B = pB. 

Clearly, pB C pA fl B. Now let y G pA fl S. Then there exists i > such 
that y epAnAiC pAi+i C pS. Thus pAnB = pB. 

(e) follows from Lemma [2.31 

(i) =^ (v) follows from Lemma 12.41 Our construction shows that (iii) 
=^ (iv). The implications (v) =^ (iii) and (iv) =^ (ii) =^ (i) are easy. 

Note that our construction shows that the sequence {x„}„>o is eventually 
a constant sequence (i.e., there exists N > such that x^+r = xn for all 
r > 0) if and only if there exists iV > such that the image of x^v in A/pA 
is transcendental over R/pR. It is easy to see that each of the conditions 
(i)-(v) is equivalent to the above condition. 

If the image of Xm in A/pA is algebraic over R/pR for 1 < m < n, then 
Xn = p"'Xo G p"'A. Therefore, if fl = (0), then the sequence {x„}„>o 

must be eventually constant and hence the conditions (i)-(v) hold. □ 

Proposition l2.5l shows that we can extend the Dutta-Onoda version 
2.4) of Russell-Sathaye criterion for A to be as follows: 

Corollary 2.6. Let R G A be integral domains. Suppose that there exists a 
prime p in R such that 

(1) p is a prime in A. 

(2) pAnR = pR. 

(3) A[l/p] = R[l/p]m. 

(4) R/pR is algebraically closed in A/pA. 

Then the following are equivalent: 

(i) A is finitely generated over R. 

(ii) A has a retraction to R with finitely generated kernel. 

(iii) trdegji/pji{A/pA) > 0. 

(iv) A = 

Proof. Follows from (|dO03], 2.4) and Proposition 1231 □ 
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By repeated application of Proposition 12.51 we get the following: 

Corollary 2.7. Let R <Z A be integral domains with a retraction $ : A — » R. 
Suppose that there exist primes Pi,P2, ■ ■ ■ ,Pn in R such that 

(1) Ker $ is finitely generated. 

(2) Pi,P2, ■ ■ ■ iPn ore primes in A. 

(3) A\^^] = R\^^p. 

Then there exists x G Ker $ such that A = R[x] = i?'^'. 

3. Codimension-one A^-fibration with retraction 

In this section we will prove our main theorems (Theorems 13.91 and I3.13P 
and auxiliary results (Propositions 13181 and I3TTT]) . 

We first state a few preliminary results. The first result occurs in f jBD95| . 
3.4). 

Lemma 3.1. Let R be a Noetherian ring and Ri a ring containing R which is 
finitely generated as an R-module. If A is a flat R-algebra such that A^^Ri 
is a finitely generated Ri-algebra, then A is a finitely generated R-algebra. 



The following result follows from r |BD94 3.3 and 3.5). 



Lemma 3.2. Let R be a Noetherian ring and A a flat R-algebra such that, 
for every minimal prime ideal P of R, PA is a prime ideal of A, PAHR = P 
and A/ PA is finitely generated over R/P. Then A is finitely generated over 
R. 

The next result is easy to prove. 

Lemma 3.3. Let R be a ring and A an R-algebra. If R' is a faithfully flat 
algebra over R such that A R' is finitely generated over R! , then A is 
finitely generated over R. 



We now quote a theorem on finite generation due to N. Onoda ( |Ono84j . 
2.20). 

Theorem 3.4. Let R be a Noetherian domain and let A be an integral domain 
containing R such that 

(1) There exists a non zero element t E A for which A[l/t] is a finitely 
generated R-algebra. 

(2) A^ is a finitely generated R^-algebra for each maximal ideal m of R. 
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Then A is a finitely generated R-algebra. 



The results on A^-fibrations in (|bD93, |Dut95| . |dO03) crucially involve 



c ertain patching techniques. We state below one such "patching lemma" 
f |DO07t . 3.2). 



Lemma 3.5. Let R G A be integral domains with A being faithfully flat over 
R. Suppose that there exists a non-zero element t G R such that 

(1) A[l/t] = R[l/t]m. 

(2) S^^A = (S~^Ry^\ where S = {r E R\ r is not a zero-divisor in R/tR}. 

Then there exists an invertible ideal I in R such that A = SymFi{I). 

We now observe a property of algebras with retractions. 

Lemma 3.6. Let R be an integral domain with quotient field K and A be an 
integral domain containing R with a retraction $ : A — » R such that 

(1) Ker $ is finitely generated. 

(2) A®RK = K^^y 

Then there exists t e R and F G Ker $ such that A[l/t] = R[l/t][F]. 

Proof Let S = R\{0}. By (2), S'^A = K^^l Since A has a retraction $, it is 
easy to see that there exists F G Ker $ such that S~^A = K[F](= K^^^) and 
hence F{S^^A) = {Ker ^)S~^A. Therefore, by (1), there exists t E S such 
that FA[l/t] = {Ker ^)A[l/t]. Thus FA[l/t] is the kernel of the induced 
retraction $t : v4[l/t] — » R[l/t]. Hence we have 

A[l/t] = R[l/t]®FA[l/t] 

= R[l/t] © FR[l/t] © F^A[l/t] 

= R[l/t] © FR[l/t] © F^R[l/t] © ■ ■ • © © Vri G N. 

As S-'^A = © isTF", it follows that A[l/t] = R[l/t][F]. □ 

n>0 

Remark 3.7. In Lemma 13.61 if we assume that Ker $ is principal, say, 
Ker $ = (G), then A = R[G]. 

We now deduce a local-global result . Our approach gives a simpler proof 



of Theorem 11.21 which is obtained in BDO| as a consequence of a highly 
technical structure theorem. 
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Proposition 3.8. Let R be either a Noetherian domain or a Krull domain 
with quotient field K and A a flat R-algebra with a retraction $ : A — » R 
such that 

(1) Ker $ is finitely generated. 

(2) Ap = Rp^^^ for every prime ideal P of R satisfying depth (Rp) = 1. 

Then there exists an invertible ideal I of R such that A = Symji{I). 

Proof. The case dim i? = is trivial. So we assume that dim R > 1. Note 
that A is a faithfully flat i?-algebra and an integral domain. By Lemma 13.61 
A[l/t] = R[l/t][F]. If t is a unit in R, then A = R^^^ and we would be 
through. So we assume that t is a non-unit in R. 

s 

Let Pi, P2, Pshe the associated prime ideals of tR. Let S = R\{ U Pi) = 

i=l 

{r ^ R\ r is not a zero-divisor in R/tR}. By (2), for each maximal ideal m 
of S-^R, (S-^A)^ = {S-^R)J^^ and hence S'^A = {S-^Rf \ S^^R being a 
semilocal domain. Hence, by Lemma [3.5[ A = Sym^{I) for some invertible 
ideal / of i?. □ 

We now prove Theorem A for the case i? is a Krull domain. 

Theorem 3.9. Let R be a Krull domain with quotient field K and A a flat 
R-algebra with a retraction $ : A — » R such that 

(1) Ker $ is finitely generated. 

(2) A®rK = K^^I 

(3) A ®p k{P) is an integral domain for each height one prime ideal P of 
R. 

Then there exists an invertible ideal I of R such that A = SymFi{I). 

Proof. Let P be a prime ideal in R for which depth {Rp){= ht P) = 1. Then 
Rp is a DVR. Let irp be the uniformising parameter of Rp. Note that the 
retraction $ : A — » R induces a retraction ^p : Ap — » Rp with finitely 
generated kernel, condition (2) ensures that y4p[l/7rp] = Rp[l/7rp]^^^ = K^^\ 
and condition (3) ensures that vrp is a prime in Ap. Hence, by Corollary 12.71 
Ap = Rp^^^. Therefore, by Proposition 13. 8[ A = SymR^I) for some invertible 
ideal I oi R. □ 

As an immediate conse quence we get the following variant of a Liiroth- 



type result over UFD (see |RS79|, 3.4): 



Corollary 3.10. Let R be a UFD with quotient field K and A a flat R- 
algebra with a retraction $ : A — » R such that 
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(1) Ker $ is finitely generated. 

(2) A®RK = K^^y 

(3) A k{P) is an integral domain for each height one prime ideal P of 
R. 

Then there exists x G Ker $ such that A = R[x] = i?'^' . 

We now prove Proposition A. 

Proposition 3.11. Let R be a Noetherian ring and A be a fiat R-algebra 
with a retraction $ : A — » R such that 

(1) Ker $ is finitely generated. 

(2) A 0ji k{P) = fc(P)[^l for each minimal prime ideal P of R. 

(3) A®iik{P) is geometrically integral over k{P) for each height one prime 
ideal P of R. 

Then: 

(I) A k{P) is an A^-form over k{P) for each prime ideal P of R. 
(II) A is finitely generated over R. 

(Ill) If R is an integral domain, then there exists a finite birational extension 
R' of R and an invertible ideal I of R' such that A R' = Symjii{I). 

Proof (I): Note that, for any prime ideal P of R, A®Rk{P) = Ap^Rp k{P). 
So, to prove the fibre condition (I), we replace R by Rp (and Ahj Ap) and 
assume that i? is a local ring with maximal ideal m. We prove that A^Rk{ra) 
is an A^-form over k{xn) by induction on height m, i.e., dim R. 

Case : dim R =0 . 
Trivial. 

Case : dim R =1 . 

Replacing R by R/Po for some minimal prime ideal Pq, we may assume 
that i? is a Noetherian one-dimensional local integral domain with quotient 
field K. Note that condition (3) implies that A (^r k{m) is geometrically 
integral over fc(m). 

Let R be the normalisation of R and let A = A ^r R. Then, by KruU- 
Akizuki theorem, i? is a Dedekind domain f |Mat89| . p 85); and since R is 



local, R is semilocal and hence a PID. Let rrii , r tXr be the maximal 



ideals of R. Again, by KruU-Akizuki theorem ( |Mat89 |. p 85), fc(mj) is a 



finite algebraic extension of k{xn). Clearly, the retraction $ : A » R 

gives rise to a retraction $ : A » R. From the split exact sequence 
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— y Ker $ — y A — yji — y 0, it follows that Ker $ = Ker $ 0^ i? = 
Ker $ ®^ A = {Ker $)y4 and hence Ker $ is finitely generated. 

Thus, from (1), (2) and (3), we have: 

(i) Ker $ is finitely generated. 

(ii) A^j^K = fsfW. 

(iii) A 0^ k{mi) is geometrically integral over k{mi) for every maximal 
ideal mj of R. 

Hence, by Corollarv I3.10[ A = K^^\ In particular, A ®^ k{mi) = k{mi)^^^ 
for each maximal ideal m.j of R. This shows that A (8>/j k{m) is an A^-form 
over k{m). 

Case : dim R>2 . 

By induction hypothesis we have that A k{P) is an A^-form for every 
non-maximal prime ideal P of R. Let R denote the completion of R and let 
A = A ®_R R- Then i? is a complete local ring with maximal ideal m and 
R/m = R/xn. Since R is Noetherian, R is Noetherian and faithfully fiat over 
R and hence A is faithfully fiat over both A and R. The retraction $ : A — » R 
gives rise to a retraction $ : A — » i?. Note that Ker $ = (i^er ^)A is 
finitely generated. Now, for any non- maximal prime ideal P oi R, PCiR ra 
and hence A (g)^ k{P) is an A^-form over k{P). 

Replacing R by i?, we may assume i? to be a complete local Noetherian 
ring. Further, replacing R by R/Po, where Pq is a minimal prime ideal of R, 
we may assume i? to be a complete, local, Noetherian domain with maximal 
ideal m and quotient field K such that 

(a) A0rK = K^^l 

(b) A^jik{P) is an A^-form over k{P) for each non-maximal prime ideal 
P of R. 

Let R be the no rmalisa tion of R. Since i? is a complete local ring, R is 
a finite i?-module f |Mat89| . p 263) and hence is a Noetherian normal local 



domain. Let A = A R. As before, the retraction $ : A — » R induces 
a retraction $ : A — » R with finitely generated kernel {Ker ^)A. Now we 
have the following: 

i? is a Noetherian normal local domain with quotient field K and A is a 
faithfully fiat i?-algebra such that 

(1') There is a retraction $ : A — » R with finitely generated kernel. 
{2') A^j^K = A(g)RK = K^^l 

(3') A (8>^ k{P) is an A^-form over k{P) for each height one prime ideal 
P oi R (since, for any height one prime ideal P of R, P H R ^ m). 
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By Theorem ESI A = in particular, A fc(m) = A;(m)[^l. This 
shows that A k{m) is an A^-form over k{m.) and hence A k{P) is an 
A^-form over k{P) for every prime ideal P of R. 

(II) : We now show that A is finitely generated over R. By Lemma [3l2l it is 
enough to take R to be an integral domain; by Theorem 13.41 and Lemma [3l6l 
it is enough to assume R to be local and, by Lemma 1331 it is enough to take 
R to be complete. Thus we assume that i? is a Noetherian local complete 
integral domain. Let R be the normalisation of R. Then the proof of (I) 
shows that A R = R^^^; in particular, A i^ji R is finitely generated over 
R. Since i? is a finite module over R, by Lemma 13. ![ A is finitely generated 
over R. 

(III) : Now R is given to be an integral domain. By (I), A ®/j k{P) is an 
A^-form over k{P) for every prime ideal P of R. 

Let R be the normalisation of R. Then i? is a KruU domain ( [Mat89 |. p 



91). Let A = A (8>_R R- As before, there is a retraction $ : A — » R with 
finitely generated kernel. We now have the following: 

R is a KruU domain with quotient field K and A is a faithfully fiat R- 
algebra such that 

(1") There is a retraction $ : A — » R with finitely generated kernel. 
{2") A(^^K = K^^l 

(3") A^j^k{P) is an A^-form over k{P) for each prime ideal P of R (since 
k{P) is algebraic over k{P (1 R)) . 

Using Theorem 13. 9[ we get that A ®/j R = R[IT] for some invertible 
ideal / of R. Let / = (ai, 02, . . . , a„)i? and let ai, . . . ,an G be such 
that aiai + . . . a„a„ = 1. Set bij := ajQ;j(G R), 1 < i,j < n. Let apT = 

Yli'^VQ ® ^pg where Cpg G R and Upg G A. 

q=l 

By (II), A is finitely generated; let A = R[yi,y2, ■ ■ ■ ,yt] where each yi G 
Ker $. Then 

re 

y,^l = J2 Yl m,m,...m„ a.^^'a^' • • • a,'"" T"' 

m=0 mi+m2H \-rnn=m 

for some di m^m2...m„ G R. 

Now, let R' be the i?-subalgebra of R generated by the elements ai, 02, . . . , ( 
hij where 1 < ^, j < n; Cpq where 1 < g < Sp, 1 < p < n; and di mim2...m„ 
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where mi + m2 + ■ ■ ■ + m„ = m, < m < r^, 1 < £ < t. Let / be the ideal 
(ai, a2, . . . , an)R' . Then R' is a finite birational extension of R and / is an 
invertible ideal of R' . 

Since A is faithfully fiat over i?, we have A ®^ i?' C A 0^ RCA ®^ = 
i^'[T]. Now considering A ®r R' and R![IT] as subrings of A (g)/? it is easy 
to see that A®rR' = R'[IT]. 

This completes the proof. □ 

Remark 3.12. The above proof shows that in the statement of Proposition 
I3.1H it is enough to assume in (2) that the generic fibres are A^-forms. (In 
the proof take R to be the integral closure of i? in L where L is a finite 
extension of K such that A ®r L = L^^l) 

We now prove Theorem A. 

Theorem 3.13. Let Q "-^ R be a Noetherian ring and A he a flat R-algebra 
with a retraction $ : A — » R such that 

(1) Ker $ is finitely generated. 

(2) A k{P) = k(Py^^ at each minimal prime ideal P of R. 

(3) A k{P) is an integral domain at each height one prime ideal P of 
R. 

Then: 

(I) A is an h} -fihration over R. 

(II) If R is an integral domain, then there exists a finite birational extension 
R' of R and an invertible ideal I of R' such that A (8^ R' = Syrriji' (/) . 
(Ill) // Rred is seminormal, then A = SyniR^I) for some finitely generated 
rank one projective R-module /. 

Proof. (I): By Proposition l3.11[ it is enough to show that A0jik{P) = A;(P)W 
for each prime ideal P in i? of height one. 

Fix a prime ideal P in i? of height one. Replacing R by Rp, we assume 
that P is a one- dimensional Noetherian local ring with maximal ideal m and 
residue field k. Moreover, replacing R by R/Pq for some minimal prime ideal 
Pq, we may further assume that R is an integral domain with quotient field 
K. We show that A^nk = fct^l 

Note that is a field of characteristic 0. By Krull-Akizuki theorem, there 
exists a discrete valuation ring (P, vr, k) such that R G R G K and kis a finite 
separable extension of k. Let A = A^rR. Since separable A^-forms are A^, 
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to show that A^j^k = k^^\ it is enough to show that A/ttA(= A^jik) = k^^'^ 
and hence enough to show that A = R^^\ 

Now, the retraction $ : A — » R with finitely generated kernel induces a 
retraction $ : A — » R with finitely generated kernel. Also ^[1/7?] = K^^\ 
Using Lemma \2A\ we get x G Ker ^\ttA such that y4[l/7r] = K[x]. 

Let B = R[x] G A. We will show that A = B. Since vr is a non- 
zero divisor and since A^^ = S^, by Lemma 12. 1^ it suffices to show that 
T^AnB = irB. 

Let D = A ®R k. Then A/nA = A^^k = {A®Rk) ®kk = D By 
hypothesis, D is an integral domain and hence, as k\k is separable, A/t^A = 
D ®kk is a. reduced ring. Note that A/ttA is a finite fiat module over D and 
hence A has only finitely many minimal prime ideals Pi, P2, . . . , Pn containing 
71 A. To show that nA Ci B = iiB, it is enough to show that PiCi B = -kB for 
some i. 

Suppose, if possible, that Pj fl B 7^ nB for all i. Let Pi H B = Qi. Then 
ht Qi > 1, i.e., QiS are maximal ideals of B (since dim B = 2). Let t be the 
number of distinct ideals in the family {Qi, Q2, ■ ■ ■ , Qn}- By reindexing, if 

necessary, we assume that Qi,Q2, ■ ■ ■ ,Qt are all distinct. Let = fl Pj. 

Pjr\B=Qi ■' 

Since QiS are pairwise comaximal, JjS are pairwise comaximal. Thus A/nA = 

A/h X A/h x---xA/It. 

Since D = A k, the retraction $ : A » R induces a retraction 

$fe : D — » k. Let rrio be a maximal ideal of D such that -D/mo = k. Note 
that D <— > and hence, due to fiatness, D ®k k ^ D^q ®k k. Since 
is local and since k\k is a finite extension, D^^ ®k k is also local with 
maximal ideal mo(-Dmo ^) and residue field k. As the local ring D^o ®fc k 
is a localisation oi D ®kk = A/irA, it follows that there exists a prime ideal 
p of A/ttA such that D^o ®kk = {A/7rA)p. 

Note that A/tiA = D^J: ^ D^^®kk = {A/nA)p. As the map A/ttA — > 
{A/7tA)p is one-one, it follows that the zero divisors of A/nA are contained in 
p. Consequently, Pj C p where Pj is the image of Pj in A/nA. But this would 
imply that the local ring {A/nA)p is a product of t rings which is possible only 
if t = 1. So Pj n P = Q for all i, which implies that nA (1 B = Q. Note that 
the retraction $ : A — » R induces a retraction $^ : A/nA — » R/nR. Now 
since nAClB = Q, the retraction $^ induces a retraction $^ : B/Q — » k. But 
Q is a maximal ideal of B, i.e., B/Q is a field. Hence $^ is an isomorphism. 
As x e Ker $, it then follows that x G Q C vrA and hence x G ttA, a 
contradiction. 
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Thus 7cA n R[x] = 7rR[x] and hence A = i?'^' showing that A ®_r k = k^^^. 
(II): Follows from (III) of Proposition 13.111 



(III): Follows fro m (I) an d the result ( jAsa87 |. 3. 4) of A sanuma, using 



results of Hamann .6 or 2.8) and Swan ( jSwa80| . 6.1); also see 



r jGre86| l □ 



Remark 3.14. Examples from existing literature would show that the hy- 
potheses in our results cannot be relaxed. For instance, the hypothesis that 
"i^er $ is finitely generated" is necessary in all the results as can be seen from 
the example: Let {R, vr) be a DVR and A = R[X, X/tt, X/tt^, . . . , X/vr", . . . ]. 

An example of Eakin-Silver ( jES72 |. 3.15) shows that the hypothesis "A 



has a retraction to R" is necessary in Proposition 13.81 Even if R is local and 
factorial and A Noetherian, the hypothesis "A has a retraction to R" would 
still be necessary in Theorem 13. 91 even to conclude that A is finitely generated 



as has been shown recently in [BDO[. Even if A is finitely generated, the 



hypothesis "A has retraction to R" would still be necessary in Theorem 13.91 
to conclude that A is a symmetric algebra (consider R = k[[ti,t2]] where k 
is any field and A = R[X, Y]/{tiX + - 1)). 

The following example of Yanik r |Yan8l| . 4.1) shows the necessity of 
seminormality hypothesis in the passage from (I) to (III) in Theorem I3.13t 
Let A; be a field of c haracte ristic zero, R = k[[t'^,t^]] and A = tX^] + 



{t^,t^)R[X]; also see |Gre86 



For other examples (e.g., the necessity of "geometrically integral" in 
Proposition 13.111 the nec essity of "Q R" in Theorem 13.131 and the ne- 
cessity of "flatness"), see jBD95 |. Section 4. 
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